at UM who later became Dean of the College. She and Carl met as undergraduates at UM. After the birth of their three children, she went on to complete a PhD in German and served as a foreign language examiner for the UM Graduate School.
Gehring grew up in Ann Arbor and graduated from University High School in 1943. He was then admitted to MIT to study physics or engineering, but he chose instead to enlist in the US Navy V-12 program, not knowing where he would be sent. By coincidence, the Navy sent him to Ann Arbor for a special program in electrical engineering at UM. He later graduated with a double major in electrical engineering and mathematics. By that time the war was over, but the Navy sent him to sea for 4 months.
Upon his return, he re-enrolled at UM and decided, at the suggestion of Ruel Churchill, to concentrate on mathematics. After receiving an MA degree from UM in 1949, he went to the University of Cambridge on a Fulbright Scholarship earning a PhD in mathematics in 1952, taking courses from such famous analysts such as J E Littlewood and A S Besicovitch while writing a thesis under the direction of J C Burkill.
At Cambridge, Gehring met Lois Bigger, who had come from Iowa, also on a Fulbright Scholarship, to continue her study of microbiology. She also received her Ph.D. from Cambridge in 1952. Gehring went to Harvard as a Benjamin Peirce Instructor, Bigger to Yale on a Research Fellowship. They were married on August 29, 1953 in Bigger's hometown of Mt Vernon, Iowa.
Gehring at graduation and wedding to Lois Bigger
Gehring's acquaintance with Lars Ahlfors during his time at Harvard drew him closer to the area of complex analysis. When the position at Harvard ended in 1955, T H Hildebrandt hired Gehring back to Ann Arbor, where he remained for the rest of his life. A turning point in Gehring's mathematical career occurred in 1958. Hoping to spend a year abroad, Gehring applied for Fulbright, Guggenheim, and NSF fellowships and was awarded all three. His colleague Jack Lohwater had spent the year 1956-57 in Helsinki, where he saw that Olli Lehto and Kalle Virtanen, among others, were working on the theory of normal functions. Encouraged also by Ahlfors, Gehring decided to go to Helsinki. Lohwater put him in touch with Lehto, and Gehring arranged to spend the year 1958-59 there.
Lehto [29] tells the story of Gehring's year in Helsinki. When Gehring arrived, he learned to his dismay that his Finnish hosts were no longer interested in meromorphic functions, but had been working on quasiconformal mappings. As the story goes, Gehring said "Fine, I like quasiconformal mappings -what are they?" He was told he would learn, as they were about to start a seminar on the topic, in Finnish! Gehring responded to the challenge and learned to speak Finnish that year. Fred and Lois Gehring's first son Kalle was born in Helsinki that year, while their son Peter was born two years later in Ann Arbor.
In the year 1959-60, Gehring moved to Zürich, where Albert Pfluger had also been working on quasiconformal mappings. Stimulated by discussions with Pfluger and a paper by Charles Loewner, Gehring began to further develop the higher-dimensional theory of quasiconformal mappings. In those years abroad Gehring made professional contacts which would strongly influence the entire course of his career. When he returned to Michigan in 1960, Gehring began training students in quasiconformal mappings, and his first student graduated from UM in 1963. In the course of his career, Gehring directed 29 PhD students, most of whom have had active careers in teaching and research at academic institutions.
An important aspect of Gehring's professional work was his extensive editorial service. At various times in his career, he worked on the Editorial Boards of 9 different research journals. He also served as Editor of book series for Van Nostrand (1963 -70), North Holland (1970 , and most famously for Springer-Verlag (1974 -2003 with the Undergraduate Texts in Mathematics series.
At the University of Michigan, Gehring was promoted to Professor in 1962. He served three terms as Chairman of the Mathematics Department, Mathematics. In his lifetime Fred Gehring wrote around 130 mathematical papers, starting with his first article in 1951. Gehring had wide and varied interests, real and complex analysis, geometric function theory, partial differential equations (pde), discrete groups and hyperbolic geometry, and geometric group theory just to name a few. He collaborated widely, with nearly 40 different coauthors. As noted above, Gehring's PhD thesis at Cambridge was ostensibly under the supervision of J C Burkill, but he certainly felt that J E Littlewood and A S Besicovitch were equally involved in his research directions and mentorship. Indeed, he thanks Besicovitch for the problem which gave rise to his first published paper.
Any brief survey on Gehring's mathematical achievements is going to miss a lot of important work. There are obviously important contributions where he solved problems that had been open for decades, but there are other papers which introduced key concepts and initiated other work by subsequent authors. This of course does not even begin to address the many ideas and mathematically fruitful routes which he freely gave away to others, and in particular his many students. Gehring's many and varied projects were often running simultaneously so it is impossible to order his work in time. There are threads that run through his entire career and the study of quasidisks is one-such. Gehring's paper Quasiconformal mappings in Euclidean spaces in the Handbook of complex analysis, 2, 1-29, 2005 gives a fairly concise summary of his perspective of the main results achieved in the theory of quasiconformal mappings since the 1930's and his broad vision of how they connect with other areas of mathematics. Gehring was certainly leading many of these developments.
Gehring was a meticulous writer, carefully crafting the statement of a theorem so as to reflect the contents of the proof. He worked tirelessly to ensure that an outline and an estimate became a sharp proof and he never used a result unless he understood its proof. Thus each paper was typically accompanied by an "Idiots Guide" carefully explaining all the details, many ran to several hundred pages to accompany a twelve page paper.
Early years. Gehring's first paper is Images of convergent sequences in sets, published in J. London Math. Soc. 26, (1951) , 249-256. It builds on earlier work of H. Hadwiger (well known for his work on convex bodies) and from H. Kestelman both in 1947. Hadwiger showed that if a set E ⊂ R n has positive interior measure, then it contains a self similar image of any finite subset S ⊂ R n . Gehring considered this for infinite sets S, and in particular when S is a convergent sequence -somewhat closer to Kestelman's problem. Gehring's first significant paper was that he wrote with Lehto on his first visit to Finland. That paper is On the total differentiability of functions of a complex variable, appearing in Ann. Acad. Sci. Fenn. Ser. A I, 1959 9 pp. The paper is still a classic and is often used by researchers, see [5, §3.3] . The result is false in higher dimensions and it is the interplay between topology and analysis in the proof that was one of Gehring's favourite things. The main theorem of the paper is the following: loc (Ω, C) is differentiable almost everywhere. Using this result one can connect the volume derivatives and the pointwise Jacobian of a mapping and thereby obtain a first versions of the change-of-variables formula and further observe that for discrete open mappings the Jacobian cannot change sign on the domain of definition, so analytic degree is defined. Clearly this result is central, underpinning a lot of planar geometric function theory.
Higher dimensional quasiconformal mappings. From early in 1960 Gehring began the task of laying down some of the (now) basic tools of quasiconformal mappings in higher dimensions. There were others working closely in this area, most notably Jussi Väisälä (in Finland) and Yu. G. Reshetnyak (in Russia). Gehring wrote quite a long review of Väisälä's papers, On quasiconformal mappings in space and On quasiconformal mappings of a ball (see [46, 47] ). The major tool in Väisälä's work was the extremal length method -that is via the geometric definition of quasiconformality. Gehring and Väisäla had already written together on this method in On the geometric definition for quasiconformal mappings, Comment. Math. Helv., 36, (1961) 19-32. Of course these ideas for planar quasiconformal mappings go back to Lars V. Ahlfors [1] , Pfluger [42] and even before to Ahlfors' work with Arne Beurling in 1946 [2] .
Initially both Gehring and Väisälä were seeking to show the equivalence of the various natural generalisations to higher dimensions of the many equivalent definitions for planar quasiconformal mappings -see two below. They also sought extensions of other well known planar results to higher dimensions. For instance Väisälä established the Caratheodory Theorem in this context in [47] . Let us give two possible definitions for a quasiconformal mapping of a domain Ω ⊂ R n . Here then are two apparently independent definitions for a quasiconformal mapping. First the analytic definition. Suppose f is a homeomorphism which lies in the Sobolev space W 1,n loc (Ω, R n ) of functions whose first derivatives are integrable with exponent n = dimension. Then f is K-quasiconformal,
Here Df is the n × n differential of f , J(x, f ) is its determinant (Jacobian) and | · | is the operator norm. Next a geometric definition. Let Γ be a family of curves in Ω. For instance the family of all curves connecting two sets E, F ⊂ Ω. A non-negative Borel integrable function ρ : Ω → R ≥0 is admissible for Γ if for each γ ∈ Γ we have
The modulus of Γ is
Here f Γ = {f • γ : γ ∈ Γ} is a curve family in f (Ω).
Hadamard's inequality gives |Df (x)| n ≥ J(x, f ) and so equality holds in (1) for K = 1 and if also the dimension n = 2, a little calculation reveals the Cauchy-Riemann equations. Further, and relevant to our later discussion, from the Looman-Menchoff theorem we see the weaker hypothesis that
2 ) would suffice to conclude f is conformal. For (2), wheñ K = 1, the argument is a little longer to deduce that f is conformal but the relationship to the length-area inequality for conformal mappings is clear. Next, in dimension n ≥ 3 the constants K andK may differ for the same mapping, but both are simultaneously equal to 1 (not hard) and simultaneously finite or infinite (a hard theorem). Thus the space of quasiconformal mappings is well defined, but when specifying constants one must refer to a particular definition. Gehring starts with results on the spherical symmetrisation of rings in space. This is quite difficult, but motivated by earlier two dimensional results of G Bol, T Carleman and G Pólya and G Szegö among others. This symmetrisation basically identifies extremal configurations for rings (read conformal invariants) in terms of geometric information such as diameters of components and distance between them -generalising the "length-area" method from complex analysis. From this one can give estimates on arbitrary rings. This is a key fact and leads to direct proofs of such things as the Hölder continuity of higher dimensional quasiconformal mappings previously established by E D Callender [11] , following arguments of C B Morrey and L Nirenberg). Naturally, this modulus of continuity will give compactness via the Arzela-Ascoli theorem. Next, Gehring proved the existence and uniqueness of an extremal function realising the Loewner capacity of a ring (doubly connected domain) in space. This extremal function u solves the nonlinear pde div(|∇u|∇u) = 0.
Gehring then used these results to establish equivalences between the analytic definition and the geometric definition. These proofs establish deep connections between the use of the Rademacher-Stepanoff theorem and the absolute continuity and geometric properties of mappings.
The most recognisable thing that Gehring proved using these two papers is the Liouville theorem. In 1850, Joseph Liouville added a short note to a new edition of Gaspard Monge's classic work Application de l'Analysè a la Géometrie, whose publication Liouville was overseeing. The note was prompted by a series of three letters that Liouville had received in 1845/6 from the British physicist William Thomson (better known as Lord Kelvin) who had studied in Paris under Liouville's in the mid-1840s. In his letters, Thomson asked Liouville a number of questions concerning inversions in spheres, questions that had arisen in conjunction with Thomson's research in electrostatics, in particular, with the so-called principle of electrical images (note that reflection in the unit sphere S 2 of R 3 is often referred to in physics as the "Kelvin transform.") In Liouville's time conformal mappings were certainly understood to be many times differentiable and following his motivation for writing the article, Liouville framed his discussion in the language of differential forms so his original formulation bears little resemblance to the modern-day theorem. However Liouville's title, "Extension au cas de trois dimensions de la question du tracé géographique" gives no hint whatsoever as to the results. It was only later that Liouville published his theorem in a form approximating the usual statement which we now discuss.
In higher dimensions the group of all Möbius or Conformal transformations of R n consists of all finite compositions of reflections in spheres and hyperplanes. Thus it contains the similarities x → λOx + b, λ > 0, O ∈ O(n), the orthogonal group, and b ∈ R n and the inversions x → x−a |x−a| 2 . It is easy to see that these mappings provide examples of conformal transformationstheir derivative at any point is a scalar multiple of an orthogonal transformation and therefore the map infinitesimally preserves angles (i.e. is conformal). These mappings are all infinitely differentiable and the space of all Möbius transformations of R n forms a finite dimensional Lie group.
Liouville proved in 1850 that if f : Ω → R 3 is a 3 times continuously differentiable conformal mapping, then there is a Möbius transformation Φ : R n → R n such that Φ|Ω = f . This is a very surprising rigidity theorem as in two dimensions the space of smooth conformal mappings is infinite dimensional and there is no local-to-global extension theorem. One significant corollary of Liouville's theorem is that the only subdomains Ω in R n with n ≥ 3 that are conformally equivalent to the unit ball B n are Euclidean balls and half-spaces. This stands in stark contrast to the famous Riemann mapping theorem, announced in 1851 a year after Liouville's note was published: any simply connected proper subdomain Ω ⊂ C of the complex plane is conformally equivalent to the unit disk D.
Certainly conformal mappings are 1-quasiconformal mappings -that is conformal invariants such as moduli are preserved. What of the converse. Certainly this is implied when Liouville's assumptions on smoothness hold. Gehring had by now developed the tools to identify extremal rings and their configurations and an understanding of how modulus behaved under continuous deformations and how this gave regularity for quasiconformal mappings. It was a short step (but the one he had been aiming at) to prove the following theorem.
Theorem 2 Let Ω ⊂ R n , n ≥ 3 and let f : Ω → f (Ω) be a 1-quasiconformal mapping. Then f is the restriction to Ω of a Möbius transformation of R n .
There are now refinements of this result, see [25, 26] and the curious discrepancy between what is known in even and odd dimensions remains one of the most interesting problems in the higher dimensional theory.
Lars Ahlfors' reviews of these papers of Gehring begins "This is an announcement of important results in the theory of 3-dimensional quasiconformal mappings" and ends "In a final section he [Gehring] proves that a 1-quasiconformal mapping is a Möbius transformation. This is Liouville's theorem without any regularity assumptions, a remarkable achievement."
This last note was professionally important to Gehring as certainly Lars Ahlfors was a personal and mathematical hero to him, perhaps above all others.
Gehring and Lars V Ahlfors
Soon after these papers were published Gehring and Väisälä worked together on the paper The coefficients of quasiconformality of domains in space, in Acta Math., 114 (1965) 1-70. The problems they consider are typically of the following form: Suppose Ω ⊂ R n is a domain. Is there a quasiconformal homeomorphism f : B n → Ω ? and if so, bound its distortion. They had worked together on these sort of problems before, but this paper produces the most definitive results (and led to a number of students extending the results as well, G Anderson, M.K. Vamanamurthy and K. Hag wrote on this subject, see [3, 21, 22] ). As noted, a problem here is that there are different measures of distortion depending on the definition of quasiconformality used. Gehring and Väisälä carefully define the different distortion functions (which are all quantitatively, but not functionally related). Precise results depend on the distortion chosen.
In two dimensions all distortion functions coincide and a considerable literature on extremal mappings and various existence criteria due to the important relationship with Teichmüller theory. In higher dimensions these issues are still not resolved (not even close actually). The calculation of the coefficients of the dihedral wedge, cylinder, and cone by Gehring and Väisälä were the first examples of the calculation of such distortion quantities in the literature. Perhaps the most well known results of the paper, and certainly one of the most useful, is the following.
, and that C(D) ∩ {|x| < b} has at least two components which meet {|x| = a}. Then the inner distortion, K I (D) ≥ A log(b/a). A ≥ 0.129 is an absolute constant.
An interesting case they consider is the infinite cylinder D = {x = (r, θ, x 3 ) : 0 ≤ r < 1}. They prove the outer distortion K 0 (D) = (q/2) 1/2 , where q is the EllipticK functional value
The extremal map is obtained as follows. D is mapped onto the half-space D = {x 3 > 0} by f 1 (r, θ, x 3 ) = (t, θ, ϕ), where (t, θ, ϕ) are spherical coordinates,
Then D is mapped onto the unit 3-ball by a Möbius transformation. Of course the hard part is explicitly computing certain conformal invariants in the domain and range to show this estimate is sharp. Next they prove the following:
Theorem 4 If ∂D contains an inward directed spire or an outward directed ridge, then K(D) = ∞. For each ε > 0 there exists a domain whose boundary contains an outward directed spire and whose coefficients are within ε of the corresponding coefficients of an infinite cylinder.
They use this result to construct a quasiconformal ball whose set of nonaccessible boundary points has positive 3-dimensional measure.
There is important recent work related to this discussion, but obtaining nice geometric criteria on a topological ball to guarantee it is a quasiball is probably never going to happen. However many necessary criteria for a domain to be quasiconformally equivalent to a ball have found wide applications. The notion of uniform and John domains, quantitative versions of local connectivity and so forth have become important ideas in the theory of analysis on metric spaces as laid down by J. Heinonen and P. Koskela [23] , and elsewhere.
Gehring lecturing on quasiballs
Area distortion. Until Kari Astala's solution in 1994, [4] , the most famous open problem about planar quasiconformal mappings was the area distortion conjecture raised in Gehring's paper with Edgar Reich from 1966, Area distortion under quasiconformal mappings, Ann. Acad. Sci. Fenn. Ser. A I (1966) 15 pp. Suppose that f (D) = D and f (0) = 0. Given E ⊂ D, denote it's measure by |E|. It follows from Bojaski's improved regularity result for planar quasiconformal mappings (see the next section, and also [7] ) that for each K ≥ 1 there are numbers a K and b K , such that if f is K-quasiconformal,
Gehring and Reich prove a(K) = K −a for some 1 ≤ a ≤ 40, and that b(K) = 1 + O(K − 1) as K → 1. They deduce this as a consequence of the inequality for the Beurling transform of characteristic functions
for some 1 ≤ a ≤ 40, and 0 ≤ b ≤ 2 which they achieve using the Calderón-Zygmund theory of singular integral operators. They conjectured that a = 1 in both the inequalities (3) and (4) and showed that the best bound in either (3) or (4) gives the best bound in the other. Astala showed, among other things, that this first area distortion conjecture is true. But the other problem suggested by this paper concerns the L p -norms of the Beurling transform, and that still stands as one of the most challenging problems in the modern theory.
Higher integrability. We now come to the result that is undoubtedly Gehring's most well known contribution to mathematics. Though the results have been improved, many of the ideas are still used in mathematics today. In a remarkable paper in 1973, actually a landmark in modern analysis and pde, The L p -integrability of the partial derivatives of a quasiconformal mapping, Acta Math., 130 (1973), 265-277, Gehring established that the Jacobian determinant of a K-quasiconformal mapping is integrable above the natural exponent (n = dimension). That is the usual assumption f ∈ W 1,n loc (Ω, R n ), together with a bound as per (1) implies that f ∈ W
1,n+ loc
(Ω, R n ) for some > 0 depending on n and K and for which Gehring gave explicit estimates.
While this result was already known in the plane due to the work of B Bojarski [7] , and perhaps anticipated in higher dimensions, it is impossible to overstate how important this result has proven to be in the theory of quasiconformal mappings and more generally Sobolev spaces and in the theory of non-linear pdes. The techniques developed to solve this problem, for instance the well-known reverse Hölder inequalities, are still one of the main tools used in non-linear potential theory, non-linear elasticity, pdes and harmonic analysis. In the introduction to his paper, Gehring says the results follow "using a quite elementary proof ". P Caraman repeats this claim in his review, however time has shown Gehring's ideas here to be deep and highly innovative. It is perhaps a mark of the clarity of Gehring's writing (and his own modesty) that one can follow the arguments easily and overlook how hard these ideas are to come by.
We state the following version of Gehring's result as proved in [27] which also gives the result for quasiregular mappings.
Theorem 5 (Higher Integrability) Let f : Ω → R n be a mapping of Sobolev class W 1,q loc (Ω) satisfying the differential inequality
Then there are K * , K > 0 such that if q > n − K * , then f ∈ W 1,p loc (Ω) for all p < n + K .
As an immediate corollary we have the following:
The higher-dimensional integrability conjecture, perhaps the most important outstanding problem in the area, would assert that if f satisfies (5) and lies in W 1,q loc (Ω) for some q > nK/(K + 1), then f actually lies in the Sobolev space W 1,p loc (Ω) for all p < nK/(K − 1). In two-dimensions this conjecture was proven by Astala as mentioned earlier.
A key step in Gehring's proof is the following
for all cubes Q such that 2Q ⊂ Ω.
This result is often referred to as the Gehring Lemma. It is worth reading T. Iwaniec's survey on this lemma [24] . That paper contains many recent related results, with numerous generalizations and some of the far-reaching applications in mathematical analysis. Next, one deduces from the improved regularity bounds on the distortion of Hausdorff dimension dim H (E) of a set E ⊂ R n .
This result shows in particular that sets of 0 and n dimensional Hausdorff measure are preserved, proving an earlier conjecture Gehring made in his work with Väisälä. The optimal conjecture would be that a = 1 here.
Gehring was always keen to give a lot of credit to E De Giorgi's results [18] to support his proof. While De Giorgi's work (and also that of J F Nash) was hugely important, it was substantially earlier and well known in the pde community by that time. Gehring found considerable insight and gave many new ideas to solve these problems.
Quasiconformal Homogeneity. Another theme that continues to generate a lot of interest is Gehring's paper with former student Bruce Palka, Quasiconformally homogeneous domains, which appears in J. Analyse Math. 30 (1976), 172-199 . As mentioned earlier, one of Gehring's lifelong tasks was to find a characterisation of those domains Ω ⊂ R n which are of the form Ω = f (B n ) where f is a quasiconformal mapping and B n is the unit ball -quasiballs (quasidisks in two dimensions). This paper was written "in the hope that this may eventually lead to a new characterisation for domains quasiconformally equivalent to B n ". There appears to be no simple characterisation such as Ahlfors' criterion in higher dimensions. So some other ideas need to be advanced. There are clear characterisations in terms of quasiconformal generalizations of the local collaring theorems of M Brown and others from geometric topology. Here one assumes that the boundary ∂Ω has a neighborhood U such that U ∩ Ω can be mapped quasiconformally into B n so that ∂Ω corresponds to ∂B n (Gehring first did this in 1967. It directly implies that smoothly bounded Jordan domains are quasiballs in higher dimensions). Another criterion, unfortunately very hard to apply, is that of L.G. Lewis [30] : the corresponding n-dimensional Royden algebras A n (Ω) and A n (B n ) should be isomorphic. In this work mentioned above, Gehring and Palka study domains Ω which are homogeneous with respect to a quasiconformal family, a quasiconformal group, or a conformal family, where homogeneous with respect to a family Γ means that for each pair a, b ∈ D, there exists an f ∈ Γ such that f (a) = b.
Gehring and Palka also prove that if D is homogeneous with respect to a quasiconformal family and has a k-tangent (1 ≤ k ≤ n − 1) at some finite boundary point, then D is quasiconformally equivalent to (a) B n if
They obtain also, in the particular case n = 2, that D is homogeneous with respect to a quasiconformal group if and only if D can be mapped conformally onto
In the n-dimensional case they obtain similar results when D is homogeneous with respect to a 1-quasiconformal family. There the results basically follow from Lie theory since the 1-quasiconformal mappings form a group. Actually it turns out that quasiconformal groups are Lie groups in all dimensions as well [34] .
They give examples to show there can be no easy characterization for Ω in R n quasiconformally equivalent to B n in terms of the tangential or smoothness properties of their boundaries.
Recent work on qc-homogeneity has connections with rigidity. The question of the existence of a lower bound (strictly greater than one) on the quasiconformal homogeneity constant of quasiconformally homogeneous sets first appeared in this paper. Recently F. Kwakkel and V. Markovic prove that here exists a constant such that, if M is a K-quasiconformally homogeneous planar domain which is not simply connected, then K ≥ 1 + , [41] . Earlier work looked at this problem on hyperbolic manifolds in dimension n ≥ 3 see [8] and also in Riemann surfaces where the problem is still open though partial results can be found, see [9, 10] .
One of the reasons this paper is widely cited is a key tool identified and developed for the first time; namely the quasihyperbolic metric -defined below -and estimates establishing how it distorts under quasiconformal mappings.
Quasihyperbolic geometry Subsequently Gehring wrote with his former student Brad Osgood, Uniform domains and the quasihyperbolic metric, which appeared in J. Analyse Math., 36 (1979) , 50 -74. Uniform domains were introduced by O. Martio and J. Sarvas around 1979 in connection with the injectivity properties of functions [37] . They found their way into P W Jones' work characterising the domains Ω ⊂ R n for which each BMO function u in Ω has a BMO extension to R n . A proper subdomain Ω ⊂ R n , n ≥ 2, is said to be uniform if there are 0 < a, b < ∞ such that any pair of points x 1 , x 2 ∈ Ω can be joined by a rectifiable curve γ ⊂ Ω for which s(γ) ≤ a|x 1 − x 2 | and min j=1,2 s(γ(x j , x)) ≤ bd(x, ∂D) for all x ∈ γ, where s(γ) denotes the Euclidean length of γ, γ(x j , x) is the part of γ between x j and x, and d(x, ∂D) is the Euclidean distance from x to ∂D.
Simply connected planar domains are uniform if and only if they are quasidisks.
Again the quasihyperbolic metric, k D for a domain D, is key tool. This metric is defined by
where the infimum is taken over all rectifiable curves γ ⊂ D joining x 1 to x 2 in D. It is not difficult to see that
for all x 1 , x 2 ∈ D. Gehring and Osgood first prove using the geodesics of k D (which turn out to be C 1,1 curves) that D is uniform if and only if
for all x 1 , x 2 ∈ D and this was actually what P. Jones used in [38, 39] . They also proved that k D and j D are quasi-invariant under quasiconformal mappings of Ω and this gives another proof of the invariance of the family of uniform domains under quasiconformal mappings of R n ; an earlier result of Olli Martio [36] . Gehring and Osgood then define a domain D ⊂ R 2 to be quasiconformally decomposable if there is K ∈ [1, ∞) such that for any x 1 , x 2 ∈ D there is a quasidisk D 0 ⊂ D which contains x 1 and x 2 . This gives a surprising new characterisation of uniform domains : D ⊂ R 2 is uniform if and only if D is quasiconformally decomposable, and via this characterization they give an alternative proof for the main injectivity properties of uniform domains in R 2 that were discovered by Martio and J. Sarvas [37] . This decomposition theorem is false in higher dimensions n ≥ 3, but is true if one redefines decomposability via the equivalent assumption in two dimensions, that there is L ≥ 1 such that every pair of points lies in the L-bilipschitz image of a ball, [32] .
Discrete groups and hyperbolic geometry.
In the last couple of decades of Gehring's research career he and G J Martin worked on the geometry of discrete groups, writing about 30 joint papers. This represented a new research direction for Gehring and was motivated by his attendance at Alan Beardon's series of lectures on the geometry of discrete groups in Ann Arbor around 1980 -Beardon was just putting the finishing touches on his excellent book [6] . Gehring started thinking about how the general theory of Möbius (or 1-quasiconformal) groups would generalise to arbitrary discrete groups of quasiconformal mappings -typically with the assumption of a uniform bound on the distortion and touched on in his homogeneity paper with Palka. It became clear that a surprising amount of the general theory of discrete groups used only the compactness properties of quasiconformal mappings. These initial studies became the paper Discrete quasiconformal groups. I., Proc. London Math. Soc., 55 (1987) , 331-358. Part II never was finished. The theory of convergence groups, identified and developed in that paper, was a timely idea and meshed well with Mikhael Gromov's theory of hyperbolic groups [20] published in the same year. In the hands of Pekka Tukia it was quickly used to characterise certain conjugates of Möbius groups among groups of homeomorphisms [43] , a programme that was completed by David Gabai [19] and Andrew Casson & Douglas Jungreis [13] and, with earlier work of Geoffery Mess, led directly to the resolution of the Seifert conjecture : a compact orientable irreducible 3-manifold with fundamental group having an infinite cyclic normal subgroup is Seifert fibered. Both results include a far reaching generalisation of the Nielsen Realisation problem, earlier solved by Steve Kerckhoff [40] . Mike Freedman even showed an equivalence between the four-dimensional surgery conjecture and an extension problem for convergence groups of R 3 , [14] . These new and surprising connections between quasiconformal mappings and low dimensional topology and so forth was enormously exciting to Gehring, and some of the most interesting unresolved questions in low dimensional topology -for instance the Cannon Conjecture, a group-theoretic generalization of the generic case of W. P. Thurston's famous Geometrization Conjecture -can be framed within the theory of convergence groups, see [12] and [37] .
A group of homeomorphisms acting on R n is called a quasiconformal group if there is some finite K such that each g ∈ G is K-quasiconformal. In two dimensions every quasiconformal group acting on R 2 =Ĉ, the Riemann sphere, is the quasiconformal conjugate of a conformal group or a Möbius group as result of Dennis Sullivan and proved by Tukia [44] , that is there is a quasiconformal f :Ĉ →Ĉ and a group of Möbius transformations Γ such that G = f Γf −1 . On the other hand, if n ≥ 3, then there is a discrete quasiconformal group not quasiconformally conjugate to a Möbius group [45, 33] .
A convergence group G is a group of self homeomorphisms of R n which has the following property: every infinite subfamily of G contains a sequence {g j } such that one of the following holds:
1. there is a self-homeomorphism g of R n such that g j → g and g −1
2. there are points x 0 and y 0 in R n such that g j → y 0 and g −1 j → x 0 locally uniformly in R n − {x 0 } and R n − {y 0 }, respectively, as j → ∞.
Convergence groups are similarly defined on other spaces. Quasiconformal groups are convergence groups. A convergence group is discrete if (1) above never holds. The limit set L(G) of a discrete convergence group G is defined as for discrete Möbius groups -the points of accumulation of a generic orbit. It has quite similar structure to that of a discrete Möbius group: L(G) is either nowhere dense or is equal to R n . If L(G) contains three points, then L(G) is a perfect set. The elements of a discrete convergence group fall into three kinds, elliptic, parabolic and loxodromic. Examples are obtained from the following: if E is a totally disconnected closed set in R n and if a group G of self-homeomorphisms of R n is properly discontinuous in R n \ E, then G is a discrete convergence group whose limit set lies in E. This initial foray into the geometry of discrete groups led to further research in Kleinian groups motivated by attempts to generalize to higher dimensions the universal geometric constraints on Fuchsian groups that Beardon gave an exposition of [6] . They observed a very interesting connection between criteria for discrete groups and holomorphic dynamics -the iteration of polynomials of one complex variable on the Riemann sphere, [15] . This connection was already inherent in Jørgensen's proof of his remarkable inequality for discrete groups [28] . This polynomial came from a trace identity in SL(2, C), basically the Fricke identity. Gehring and Martin had come to Mittag-Leffler in 1990 to work on this project as part of a six month thematic programme. They discovered entirely new classes of polynomial trace identities and thus an entirely new tool to study the geometry of Kleinian groups which led to a number of new developments. Among the more important papers is Commutators, collars and the geometry of Möbius groups, J. Anal. Math., 63 (1994) , 175 -219. Jane Gilman wrote "This paper is the seventh in a series of ten remarkable papers that Gehring and Martin have written on the geometry of discrete Möbius groups . . . The papers use a combination of hyperbolic geometry and complex iteration theory to obtain discreteness criteria for Möbius groups. The results obtained in the current paper include a sharp analogue (for subgroups of P SL(2, C) with an elliptic element) to the Shimizu-Leutbecher inequality . . . and the elimination of a large region of possible values for the commutator parameter (trace[g, h] − 2 with g, h ∈ G) of a discrete group G with two elliptic generators. From this the authors are able to obtain a sharp lower bound for the distance between the axes of elliptics of order n and m in any discrete groups (for many values of m and n). The results have as a corollary substantial improvements ... on volumes of hyperbolic orbifolds ... ." Even with these new tools at hand it took quite some time to claim the real prize. This came in the paper Minimal co-volume hyperbolic lattices. I. The spherical points of a Kleinian group, Ann. of Math., 170 (2009), 123-161. Gehring's last research article. This paper, along with a sequel [31] completes the identification of the hyperbolic 3-orbifold of smallest volume. This solves a problem of Siegel from 1942 in three dimensions, also Problem 3.60 (F) in the Kirby problem list.
Quasidisks. Finally we should talk about the ubiquitous quasidisk. A quasidisk Ω is the image of the unit disk D under a quasiconformal mapping f : C → C, so f (D) = Ω. Thus a quasidisk is a simply connected planar domain with reasonable geometric control on the structure of its boundary by way of such things as Hausdorff dimension, and "turning conditions". The importance of the concept is reflected in the many remarkable and diverse applications in planar geometric function theory and also in low-dimensional geometry and topology where quasidisks form the components of ordinary set (where the action is properly discontinuous) quasifuchsian groups. In dynamics, quasidisks form the components of the filled in Julia set of a hyperbolic rational map. Further, the theory of holomorphic motions shows that when suitably interpreted a holomophic perturbation of the unit disk in the space of injections gives a quasidisk. It was another lifelong task of Gehring to collect characterisations of quasidisks, to give new and different proofs for these, to find new applications of the theory and to generally spread the word about these wonderful objects.
The nearest thing to a book that Gehring wrotehimself and in his lifetime is the monograph Characteristic properties of quasidisks which appears in Séminaire de Mathématiques Supérieures, 84. Presses de l'Université de Montréal, 1982, 97 pp. This book was subsequently expanded into the long awaited book The ubiquitous quasidisk, in Mathematical Surveys and Monographs, 184. AMS, 2012 with Kari Hag.
Former student Kari Hag and book with Gehring These books can best thought of as a cross section of the many connections between the theory of planar quasiconformal mappings, geometric function theory and analysis. In the first set of notes, Gehring gave 17 different characterisations, this was subsequently extended to 30 (!). Ahlfors' criterion has been known for rather a long time; the Jordan domain Ω is a quasidisk if and only if there exists a constant c such that, for all pairs of points z 1 , z 2 ∈ ∂Ω, min j=1,2 diam(γ j ) ≤ dc |z 1 − z 2 | where γ 1 , γ 2 are the components of ∂Ω {z 1 , z 2 }. This is typical of the geometric charaterisations found, others include the notions of linear local connectedness and so forth. Other geometric characterisations are based on the estimates on the hyperbolic or quasihyperbolic metric and similar sorts of things.
Function-theoretic characterisation include the Schwarzian derivative property. For an analytic ϕ
and Ω is a quasidisk if and only if there exists a constant c > 0 such that f is injective whenever f is analytic in Ω with |S ϕ | ≤ cρ 2 Ω , ϕ = 0 in Ω. Of course the Schwarzian derivative is invariant under Möbius transformations and has wide application in modular forms and hypergeometric functions and Teichmüller theory. Further criteria found by Gehring and Hag concern the injectivity properties of quasi-isometries, extension properties of BMO or W 1,2 spaces (and their near relatives). A lot of the discussion concerns the many characterizations involving the hyperbolic and the quasihyperbolic metric. We recommend the reader to thumb through the book to see the vast and diverse collection of results which cover a broad spectrum of planar function theory.
